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Abstract
A bijection f of a loop L is a half-automorphism if f(xy) ∈ {f(x)f(y), f(y)f(x)}, for any
x, y ∈ L. A half-automorphism is nontrivial when it is neither an automorphism nor an
anti-automorphism. A Chein loop is a loop constructed from a group that under certain
conditions can have nontrivial half-automorphisms. In this paper, the half-automorphism
group of finite Chein loops is described.
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1 Introduction
A loop (L, ∗) consists of a nonempty set L with a binary operation ∗ on L such that for each
a, b ∈ L the equations a ∗ x = b and y ∗ a = b have unique solutions, and there is an identity
element 1 ∈ L such that 1 ∗ x = x = x ∗ 1, for any x ∈ L.
AMoufang loop is a loop that satisfies the identity x(y(xz)) = ((xy)x)z. Every Moufang loop
is diassociative, that is, any two of its elements generate a group. The fundamental definitions
and facts from loop theory and Moufang loops are found in [1, 14].
Let G be a group and u be an indeterminate. On M(G, 2) = G∪Gu, define the operation ∗
by
g ∗ h = gh, g ∗ (hu) = (hg)u, (gu) ∗ h = (gh−1)u, (gu) ∗ (hu) = h−1g (1)
for any g, h ∈ G. Then, (M(G, 2), ∗) is a Moufang loop. Loops of this type are known as Chein
loops [3]. Note that M(G, 2) is associative if and only if G is abelian.
An automorphic loop is a loop in which every inner mapping is an automorphism [2]. An
automorphic loop that is also a Moufang loop is called automorphic Moufang loop.
Let (L, ∗) and (L′, ·) be loops. A bijection f : L → L′ is called a half-isomorphism if
f(x∗y) ∈ {f(x) ·f(y), f(y) ·f(x)}, for any x, y ∈ L. A half-isomorphism of a loop onto itself is a
half-automorphism. We say that a half-isomorphism is trivial when it is either an isomorphism
or an anti-isomorphism.
In 1957, Scott showed that every half-isomorphism on groups is trivial [15]. The author also
provided an example of a loop of order 8 that has a nontrivial half-automorphism, then that
result cannot be generalized to all loops. Recently, similar versions of Scott’s result were obtained
for more structured classes of nonassociative loops. Gagola and Giuliani extended Scott’s result
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to Moufang loops of odd order [4]. Grishkov et al showed that every half-automorphism in
finite automorphic Moufang loops is trivial [7]. Kinyon, Stuhl and Vojteˇchovsky´ generalized the
previous results to a more general subclass of Moufang loops [9]. In [11], the authors showed
that in a subclass of automorphic loops of odd order every half-automorphism is trivial.
Gagola and Giuliani also investigated loops that have nontrivial half-automorphisms. In [5],
they established conditions for the existence of nontrivial half-automorphisms for some subclasses
of Moufang loops of even order, such as Chein loops. Later, a similar work was made for certain
diassociative loops [12] and for a subclass of automorphic loops [10]. In [10], the authors also
described the half-automorphism group of loops in that subclass. This work continues the
investigation of nontrivial half-automorphisms in Chein loops initiated by Gagola and Giuliani.
The aim is to describe the half-automorphism group of these loops.
This paper is organized as follows: Section 2 presents the definitions and basic results about
half-automorphisms on Chein loops. In section 3, some properties of an important subgroup of
the half-automorphism group of Chein loops are obtained. In section 4, the half-automorphism
group of Chein loops is described.
2 Preliminaries
Here, the required definitions and basic results on half-automorphisms of Chein loops are
stated.
First, a description of the automorphism group of Chein loops made by Grishkov, Zavarnit-
sine and Giuliani [8] is presented. Let G be a group and L =M(G, 2). Denote the automorphism
group of G by Aut(G). For φ ∈ Aut(G) and t ∈ G, define aφ, dt : L→ L by:
aφ(gu
i) = (φ(g))ui, i ∈ {0, 1}, dt(gu
i) =
{
g, i = 0,
(tg)u, i = 1.
Let H and H ′ be groups and σ : H → Aut(H ′) be a homomorphism. The set H ×H ′ with
the operation (x, y) · (x′, y′) = (xx′, yσx(y
′)), where σx = σ(x), is a semidirect product between
H and H ′, and it is denoted by H
σ
⋉ H ′. If π : Aut(G) → Aut(G) is the identity mapping,
we can construct the semidirect product Aut(H)
π
⋉ H, which is called the holomorph of G and
denoted by Hol(G).
Proposition 2.1. ([8, Lemma 1]) Let A = {aφ | φ ∈ Aut(G)} and D = {dt | t ∈ G}. Then:
a) A,D ≤ Aut(L), and A ∩D = {I}, where I is the identity mapping of L,
b) aφaφ′ = aφφ′, dtdt′ = dtt′ , (aφ)
−1 = aφ−1 , (dt)
−1 = dt−1 , and aφdt = dφ(t)aφ,
c) A ∼= Aut(G), D ∼= G, and AD ∼= Hol(G).
If there exists an abelian subgroup G0 ≤ G of index 2 such that G = G0 ∪ G0v, where
v 6∈ G0, v
2 = 1 and vgv = g−1, for all g ∈ G0, then G is a generalized dihedral group. In this
case, L =M(G, 2) = G0K, where K = {1, u, v, w = uv = vu} is isomorphic to the Klein group.
For α ∈ Aut(K) ∼= S3, we can define an automorphism sα of L by sα(gx) = gα(x), for any
x ∈ K, g ∈ G0. Define S = {sα |α ∈ Aut(K)}. Thus, S ∼= S3.
Theorem 2.2. ([8, Theorem 1]) Let G be a group. If G is not a generalized dihedral group,
then Aut(M(G, 2)) ∼= Hol(G). If G = G0 ∪G0v is a generalized dihedral group and G0 is not a
group of exponent 2, then Aut(M(G, 2)) = ADS.
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Note that if G = G0∪G0v is a generalized dihedral group and G0 is not a group of exponent
2, then AD ∩ S = {I, dv}. Thus, |Aut(M(G, 2))| = 3 |Hol(G)| = 3 |Aut(G)| |G|.
Denote the sets of the half-automorphisms and trivial half-automorphisms of the loop L by
Half (L) and HalfT (L), respectively.
In any loop Q, it is easy to see that the composition of two half-automorphisms is also a
half-automorphism, the identity mapping of Q is a half-automorphism and the inverse mapping
of a trivial half-automorphism is also a trivial half-automorphism. Then, HalfT (Q) is always a
group, and it is called the trivial half-automorphism group of Q.
Let f be a half-automorphism of a diassociative loop M . In [9, Lemma 2.1], it was proved
that if x, y ∈M commute, then f(x) and f(y) commute. Thus, f−1 is a half-automorphism by
[11, Theorem 2.5]. Hence, Half (M) is a group, and it is called the half-automorphism group of
M .
We conclude that Half (L) and HalfT (L) are groups for every Chein loop L.
In the following, some results about half-automorphisms in Chein loops obtained by Gagola
and Giuliani in [5] are presented.
Denote the order of the element x of a group G by o(x) and the center of G by Z(G).
Theorem 2.3. ([5, Theorem 1]) Let G be a finite nonabelian group and L =M(G, 2). If L has
a nontrivial half-automorphism, then there exists an element x ∈ G such that:
a) o(x) = 4,
b) x2 ∈ Z(G),
c) x−1gx = g−1 for any element g ∈ G such that o(g) 6∈ {2, 4}.
Let G be a group and L =M(G, 2). Define the set
H = {ϕ ∈ Half (L) | ϕ(u) = u and ϕ(g) = g,∀ g ∈ G}.
Then, H is a subgroup of Half (L). Analyzing the proof of [5, Lemma 5], this lemma can be
rewritten as follows.
Proposition 2.4. ([5, Lemma 5]) Half (L) = Half T (L)H. In particular, if L has a nontrivial
half-automorphism, then there exists a nontrivial half-automorphism in H.
In the proof of Theorem 2.3, the authors in [5] proved the following result about the elements
of H.
Proposition 2.5. ([5]) Let ϕ ∈ H and y ∈ G. If o(y) 6= 4, then ϕ(yu) = yu.
3 The properties of the elements of H
In this section, G is considered as a finite nonabelian group such that L = M(G, 2) has a
nontrivial half-automorphism.
Denote the identity mapping of L by I. By Proposition 2.4, there exists ϕ ∈ H such that
ϕ 6= I.
Proposition 3.1. Let ϕ ∈ H \ {I}. Then ϕ is a nontrivial half-automorphism.
Proof. Since G is nonabelian and ϕ(g) = g, for all g ∈ G, the mapping ϕ is not an anti-
automorphism. If ϕ is an automorphism, then ϕ(gu) = ϕ(g) ∗ ϕ(u) = gu, for all g ∈ G, and
hence ϕ = I.
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Let ϕ ∈ H. Since ϕ is a half-automorphism, we have ϕ(gu) ∈ {ϕ(g) ∗ ϕ(u), ϕ(u) ∗ ϕ(g)}, for
all g ∈ G. Then,
ϕ(gu) ∈ {gu, g−1u}, for all g ∈ G. (2)
Since ϕ is a bijection, it follows that ϕ2 = I. Thus, H is an abelian group of exponent 2.
Denote by Cn2 the direct product of n cyclic groups of order 2. Hence, the following result is at
hand.
Proposition 3.2. H ∼= Cr2 , for some r ≥ 1.
Let ϕ ∈ H \ {I}. Define the set γϕ = {x ∈ G | ϕ(xu) = x
−1u, o(x) = 4}. By Theorem 2.3,
γϕ 6= ∅.
Proposition 3.3. Let ϕ ∈ H \ {I}. Then, for all g, h ∈ G and x ∈ γϕ:
(a) If g 6∈ γϕ, then ϕ(gu) = gu, g
−1 = x−1gx and o(xg) = 4,
(b) x−1 ∈ γϕ,
(c) x2 ∈ Z(G),
(d) If o(g) 6= 4, then γϕg = gγϕ = γϕ,
(e) If g, h 6∈ γϕ and hg ∈ γϕ, then o(g) = 4.
Proof. (a) Let g ∈ G \ γϕ. By Proposition 2.5 and (2), ϕ(gu) = gu. Then,
g−1x = ϕ((xu) ∗ (gu)) ∈ {ϕ(xu) ∗ ϕ(gu), ϕ(gu) ∗ ϕ(xu))} = {g−1x−1, xg}.
Since x 6= x−1, we have g−1x = xg. Thus, g−1 = xgx−1, and hence g−1 = x−1gx. Further-
more, xgxg = xgg−1x = x2, and therefore o(xg) = 4.
(b) It follows from (2).
(c) Let g ∈ G \ γϕ. By (a), xgx
−1 = g−1 = x−1gx. Hence, x2g = gx2.
Now, let y ∈ γϕ. Then,
y−1x = ϕ((xu) ∗ (yu)) ∈ {ϕ(xu) ∗ ϕ(yu), ϕ(yu) ∗ ϕ(xu))} = {yx−1, xy−1}.
Thus, either y−1x = yx−1, or y−1x = xy−1. In both cases, we can conclude that x2y = yx2.
Therefore, x2 ∈ Z(G).
(d) Since x ∈ γϕ, we have
ϕ(g) ∗ ϕ(xu) = g ∗ (x−1u) = (x−1g)u, ϕ(xu) ∗ ϕ(g) = (x−1u) ∗ g = (x−1g−1)u
and ϕ(g ∗ (xu)) = ϕ((xg)u) = (xg)ǫu,
where ǫ ∈ {−1, 1}. Thus, (xg)ǫ ∈ {x−1g, x−1g−1}. If ǫ = 1, then xg = x−1g−1 since x 6= x−1,
and so g2 = x−2 = x2. Hence, o(g) = 4, which is a contradiction. Therefore, ǫ = −1. By (a),
g−1x = xg ∈ γϕ.
Since o(g−1) 6= 4, we conclude that gx ∈ γϕ. The rest of the claim follows from the fact that
G is finite.
(e) Let g, h ∈ G \ γϕ be such that hg ∈ γϕ. Then,
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ϕ(g) ∗ ϕ(hu) = g ∗ (hu) = (hg)u, ϕ(hu) ∗ ϕ(g) = (hu) ∗ g = (hg−1)u
and ϕ(g ∗ (hu)) = ϕ((hg)u) = (hg)−1u.
Thus, (hg)−1 ∈ {hg, hg−1}. Since o(hg) = 4, we have g−1h−1 = hg−1, and then gh = h−1g.
Hence, hghg = h(h−1g)g = g2 and we conclude that o(g) = 4.
Corollary 3.4. There exists y ∈ G such that:
(a) o(y) = 4 and
(b) if y = gh, for some g, h ∈ G, then either o(g) = 4, or o(h) = 4.
Proof. Fix ϕ ∈ H \ {I}. Then, ϕ is a nontrivial half-automorphism and γϕ 6= ∅. Let y ∈ γϕ.
Suppose there exist g, h ∈ G such that y = gh, o(g) 6= 4 and o(h) 6= 4. Thus, g, h 6∈ γϕ. By the
item (e) of Proposition 3.3, o(h) = 4, which is a contradiction.
Suppose that G = G0 ∪ G0v is a generalized dihedral group. Note that o(gv) = 2, for any
g ∈ G0. Let z ∈ G be of order 4. Then, z ∈ G0 and z = (z
−1v)(z2v). Therefore, there is no
element of G satisfying the condition of Corollary 3.4. Hence, the following result is at hand.
Corollary 3.5. If G is a finite generalized dihedral group, then every half-automorphism of
M(2, G) is trivial.
By Theorem 2.3, |Z(G)| ≥ 2. In the following result, this subgroup is described.
Proposition 3.6. Z(G) ∼= Cm2 , for some m ≥ 1.
Proof. Fix ϕ ∈ H \ {I}. First, we will prove that Z(G) ∩ γϕ = ∅.
Suppose there exists z ∈ Z(G) ∩ γϕ. Let g ∈ G \ γϕ. By the item (a) of Proposition 3.3,
g−1 = z−1gz = g. By (2), ϕ(gu) = g−1u, for all g ∈ G. Consequently, for g, h ∈ G, we have
ϕ(gu ∗ h) = (hg−1)u, ϕ(gu) ∗ ϕ(h) = (g−1h−1)u and ϕ(h) ∗ ϕ(gu) = (g−1h)u.
Thus, either hg = gh, or h−1 = ghg−1, for all g, h ∈ G. Since G is nonabelian, there exist
x, y ∈ G such that xy 6= yx, and then y−1 = xyx−1. Since x(yz) 6= yxz = (yz)x, we have
(yz)−1 = xyzx−1 = y−1z, and hence y−1 = z2y−1. Therefore, o(z) = 2, a contradiction with
z ∈ γϕ. We conclude that Z(G) ∩ γϕ = ∅.
Now, let z ∈ Z(G) and x ∈ γϕ. By the item (a) of Proposition 3.3, z
−1 = x−1zx = z. Thus,
Z(G) has exponent 2, and hence there exists m ≥ 1 such that Z(G) ∼= Cm2 .
4 The half-automorphism group
We say that a loop Q has the antiautomorphic inverse property (AAIP) if it has two-sided
inverses and satisfies the identity (xy)−1 = y−1x−1. In this type of loop, the inversion mapping
J : Q→ Q, defined by J(x) = x−1, is an anti-automorphism. Furthermore, it is easy to see that
J ∈ Z(HalfT (Q)).
Proposition 4.1. Let Q be a nonabelian loop with the (AAIP). Then,
Half T (Q) = 〈J〉Aut(Q)
∼= C2 ×Aut(Q).
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Proof. Since J ∈ Z(Half T (Q)), J has order 2 and J 6∈ Aut(Q), it follows that 〈J〉Aut(Q)
∼=
C2 ×Aut(Q).
Denote the set of the anti-automorphisms of Q by Ant(Q). Since Q is nonabelian, we have
Half T (Q) = Aut(Q) ∪ Ant(Q), where Aut(Q) ∩ Ant(Q) = ∅. It therefore suffices to verify that
Ant(Q) = J Aut(Q).
Let ϕ ∈ Aut(Q). Then, Jϕ(xy) = Jϕ(y)Jϕ(x), for all x, y ∈ G, and so J Aut(Q) ⊂ Ant(Q).
On the other hand, let ϕ ∈ Ant(Q). Then, Jϕ(xy) = Jϕ(x)Jϕ(y), for all x, y ∈ G. Thus,
Jϕ ∈ Aut(Q), and hence ϕ ∈ J Aut(Q).
Note that if Q is an abelian loop, it is easy to see that Half (Q) = Half T (Q) = Aut(Q).
Every Moufang loop has the (AAIP). Thus, Theorem 2.2 and Proposition 4.1 give us a
description of the trivial half-automorphism group of Chein loops.
From now on, we will suppose that the Chein loop L =M(G, 2) is finite and has a nontrivial
half-automorphism. Then, G is a finite nonabelian group that is not a generalized dihedral
group.
By Theorem 2.2 and Propositions 2.4 and 4.1, Half (L) = 〈J〉ADH, where A and D were
defined in section 2, and J is the inversion mapping of L.
Lemma 4.2. Let ϕ ∈ H, φ ∈ Aut(G), and t ∈ G. Then:
(a) (aφ)
−1ϕaφ ∈ H,
(b) If t ∈ G− γϕ, then (dt)
−1ϕdt ∈ H. If t ∈ γϕ, then dtϕdt ∈ H.
Proof. For g ∈ G, we have that (aφ)
−1ϕaφ(g) = φ
−1φ(g) = g and (dt)
−1ϕdt(g) = g = dtϕdt(g).
Consider u ∈ L. Thus, (aφ)
−1ϕaφ(u) = (aφ)
−1ϕ(u) = aφ−1(u) = u. If t ∈ G \ γϕ, then
ϕ(tu) = tu by Proposition 3.3, and so (dt)
−1ϕdt(u) = dt−1(tu) = u. If t ∈ γϕ, then ϕ(tu) = t
−1u,
and hence dtϕdt(u) = dt(t
−1u) = u.
By Proposition 3.1, H ∩ AD = {I}. Since H,AD ≤ Half (L), it follows that DH,ADH ≤
Half (L) by Lemma 4.2. In [9, Lemma 2.1], it was proved that fJ = Jf , for all f ∈ Half (L).
Thus, J ∈ Z(Half (L)). Furthermore, it is clear that J 6∈ ADH. Consequently, we have
Half (L) ∼= C2 ×ADH. (3)
Now, we will describe the group ADH. For aφ ∈ A, define σφ : DH → DH by σφ(dtϕ) =
aφdtϕ(aφ)
−1 = dφ(t)aφϕ(aφ)
−1, where ϕ ∈ H and dt ∈ D. By Lemma 4.2, σφ is well-defined, so
it is the restriction of an inner automorphism of ADH to DH. Therefore, σφ ∈ Aut(DH) and
σφσφ′ = σφφ′ , for any aφ, aφ′ ∈ A.
Define σ : A → Aut(DH) by σ(aφ) = σφ. Then, the mapping σ is a homomorphism. Thus,
we can construct the semidirect product A
σ
⋉ DH, where the operation is given by
(aφ, dtϕ)
σ
· (aφ′ , dt′ϕ
′) = (aφφ′ , dtϕdφ(t′)aφϕ
′(aφ)
−1).
In ADH, we have that dtϕaφ dt′ϕ
′a′φ = dtϕdφ(t′)aφϕ
′(aφ)
−1aφφ′ , and then the mapping
ψ : ADH → A
σ
⋉ DH, defined by ψ(dtϕaφ) = (aφ, dtϕ), is an isomorphism. Therefore, we
established the following result.
Proposition 4.3. ADH ∼= A
σ
⋉ DH ∼= Aut(G)
σ
⋉ DH.
Now, we will describe the group DH.
Proposition 4.4. Z = {dz | z ∈ Z(G)} ≤ Z(DH).
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Proof. Let z ∈ Z(G) and dt ∈ D. Then, dzdt = dzt = dtz = dtdz.
Now, let ϕ ∈ H. Since o(z) ∈ {1, 2}, zγϕ = γϕ by the item (d) of Proposition 3.3. If g ∈ γϕ,
then zg ∈ γϕ, and so dzϕ(gu) = (zg
−1)u = (g−1z−1)u = ϕdz(gu). If g ∈ G\γϕ, then zg ∈ G\γϕ,
and hence dzϕ(gu) = (zg)u = ϕdz(gu).
Therefore, Z ⊂ Z(DH). Since Z ∼= Z(G), we conclude that Z ≤ Z(DH).
Since Z ⊂ D, it follows that Z ∩H = {I}. By Proposition 4.4, ZH ≤ DH.
For x ∈ G, the mapping Ix : G → G, defined by Ix(g) = gxg
−1, is an inner automorphism
of G. Let I(G) = {Ix | x ∈ G} be the inner automorphism group of G. It is well known that
G/Z(G) ∼= I(G).
Proposition 4.5. We have:
a) ZH ∼= Cn2 , where |Z(G)| = 2
m, |H| = 2r, and n = m+ r,
b) ZH ⊳DH,
c) DH/ZH ∼= I(G).
Proof. a) Since Z ≤ Z(DH) and Z ∩H = {I}, we have ZH ∼= Z ×H. The result follows from
Propositions 3.2 and 3.6.
b) Let z ∈ Z(G), t ∈ G, and ϕ,ϕ′ ∈ H. Then,
ϕ′dzϕ(ϕ
′)−1 = dzϕ
′ϕϕ′ = dzϕ and dtdzϕdt−1 = dzdtϕdt−1 = dzt2dt−1ϕdt−1 .
It is clear that ϕ′dzϕ(ϕ
′)−1 ∈ ZH. If t ∈ γϕ, then t
2 ∈ Z(G) and dt−1ϕdt−1 ∈ H by Propo-
sition 3.3 and Lemma 4.2. If t 6∈ γϕ, then dtϕdt−1 ∈ H by Lemma 4.2. Thus, dtdzϕdt−1 ∈ ZH,
for all t ∈ G. Therefore, ZH ⊳ DH.
c) Define ψ : DH → I(G) by ψ(dtϕ) = It. It is clear that ψ is surjective.
Let t, t′ ∈ G and ϕ,ϕ′ ∈ H. If t′ ∈ γϕ, then t
′2 ∈ Z(G), and hence It′(g) = t
′gt′−1 =
t′−1t′2gt′−1 = t′−1gt′2t′−1 = It′−1(g), for all g ∈ G. Since dt′ϕdt′ ∈ H, we have
ψ(dtϕdt′ϕ
′) = ψ(dtt′−1dt′ϕdt′ϕ
′) = Itt′−1 = ItIt′−1 = ItIt′ = ψ(dtϕ)ψ(dt′ϕ
′).
If t′ 6∈ γϕ, then dt′−1ϕdt′ ∈ H. Thus,
ψ(dtϕdt′ϕ
′) = ψ(dtt′dt′−1ϕdt′ϕ
′) = Itt′ = ItIt′ = ψ(dtϕ)ψ(dt′ϕ
′).
Hence, ψ is a homomorphism.
Suppose that ψ(dtϕ) = I. Then, g = It(g) = tgt
−1, for all g ∈ G. Thus, t ∈ Z(G), and
hence Ker(ψ) = ZH. Therefore, DH/ZH ∼= I(G).
For t ∈ G, define ρt : ZH → ZH by ρt(dzϕ) = dtdzϕdt−1 , where dz ∈ Z and ϕ ∈ H.
By the item (b) of Proposition 4.5, ρt is well-defined, and then it is the restriction of an inner
automorphism of DH to ZH. Thus, ρt ∈ Aut(ZH) and ρtρt′ = ρtt′ , for any t, t
′ ∈ G.
Define ρ : G→ Aut(ZH) by ρ(t) = ρt. Then, ρ is a homomorphism. Thus, we can construct
the semidirect product G
ρ
⋉ ZH, where the operation is given by:
(t, α)
ρ
· (t′, α′) = (tt′, αdtα
′dt−1) (t, t
′ ∈ G, α, α′ ∈ ZH)
We can now state and prove the main theorem of this paper.
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Theorem 4.6. Let G be a finite nonabelian group such that M(G, 2) has a nontrivial half-
automorphism. Then,
Half (M(G, 2)) ∼= C2 × (Aut(G)
σ
⋉ DH)
where DH ∼= (G
ρ
⋉ ZH))/W , ZH ∼= Cn2 and W = {(z, dz) | z ∈ Z(G)}
∼= Z(G). Furthermore,
|Half (M(G, 2))| = 2 |Aut(G)| |G| |H| = 2n+1 |Aut(G)| |I(G)|.
Proof. Define ψ : G
ρ
⋉ ZH → DH by ψ((t, α)) = αdt. It is clear that ψ is surjective. Since
αdtα
′dt′ = αdtα
′dt−1dtt′ , for all α,α
′ ∈ ZH and t, t′ ∈ G, it follows that ψ is a homomorphism.
Suppose that ψ((t, dzϕ)) = I, for some t ∈ G, z ∈ Z(G) and ϕ ∈ H. Then, I = dzϕdt = ϕdzt.
Since H ∩D = {I}, we have ϕ = I and zt = 1. Thus, Ker(ψ) = {(z, dz) | z ∈ Z(G)}. Therefore,
DH ∼= (G
ρ
⋉ ZH))/W , where W = Ker(ψ).
For (z, dz), (z
′, dz′) ∈W , we have that (z, dz)
ρ
· (z′, dz′) = (zz
′, dzz′). Hence, W ∼= Z(G).
The rest of the claim follows from (3) and Propositions 4.3 and 4.5.
In the following, some examples of Chein loops that have nontrivial half-automorphisms are
provided. The generators of H in these examples were presented in [5, Examples 8 and 9].
In each example, the order of H was obtained by using GAP [6] computing with the LOOPS
package [13].
Example 4.7. Let Q8 = {1, i, j, k,−1,−i,−j,−k} be the quaternion group, where the operation
is given by the rules: i2 = j2 = k2 = −1, (−1)2 = 1, ij = k = −ji, jk = i = −kj, and
ki = j = −ik. The group H has order 8 and is generated by the nontrivial half-automorphisms
ϕx(gu
l) =


g, if l = 0,
gu, if l = 1 and g 6∈ {x,−x},
(−g)u, if l = 1 and g ∈ {x,−x},
where x ∈ {i, j, k}. Since |Aut(Q8)| = 24, we have |Half (M(Q8, 2))| = 3072, |Half T (M(Q8, 2))| =
384 and |Aut(M(Q8, 2))| = 192. Then, M(Q8, 2) has 2688 nontrivial half-automorphisms.
Example 4.8. Let G = C4⋉C3 be the nonabelian semidirect product between the cyclic groups
of orders 4 and 3. In this case, H = {I, ϕ}, where ϕ is the nontrivial half-automorphism defined
by
ϕ(gui) =


g, if i = 0,
gu, if i = 1 and o(g) 6= 4,
(g−1)u, if i = 1 and o(g) = 4.
Since |Aut(G)| = 12, we have |Half (M(G, 2))| = 576, |Half T (M(G, 2))| = 288 and
|Aut(M(G, 2))| = 144. Then, M(G, 2) has 288 nontrivial half-automorphisms.
Acknowledgments
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